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1 Itroduction
Powerful bipolar outflows appear to be common features of the wide class
of astrophysical objects including protostars, young main-sequence stars,
galactic X-ray sources, Active Galactic Nuclei (AGN), and quasars [1]. In
the majority of these cases there exists more or less convincing observa-
tional evidence about the presence of large-scale magnetic fields in these
objects. Ordered magnetic fields should have the crucial role in giving rise
to such outflows or jets. Namely, they may be responsible for the collima-
tion of the jets and/or acceleration of matter up to relativistic velocities in
them [2].
High compactness and huge energy output, which characterizes some
(maybe, the most interesting) concrete kinds of objects featuring bipolar
(or, unipolar) outflows (such as AGNs and quasars), may be explained if
one assumes that they are produced in result of accretion onto the rotat-
ing supermassive black hole. It seems evident that a consideration of the
innermost part of such outflows, in the close neighbourhood of the black
hole must be performed in the framework of general-relativistic magneto-
hydrodynamics (MHD). Such treatment enables us to take into account
properly the influence of strong gravitational and electromagnetic fields
onto the structure of the jet. Since 3 + 1 formulation of black hole elec-
trodynamics [3–5] is the most convenient mathematical apparatus for such
purposes, in the present study we shall establish our consideration on it.
It must be noted from the very beginning that the method, which is
developed in this paper is the generalization of the advanced methodology
used in the number of recent references for non-relativistic [6–9], and for
special-relativistic [10–11] magnetically driven jets and winds. By means of
the method we derive the set of equations for general-relativistic jets from
the equations of the ideal 3 + 1 MHD. Under certain simplifying assump-
tions we obtain the simple, representative solution of these equations. The
features of the solution are discussed and compared with the one, which
has been found in [8].
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2 Governing equations
In the forthcoming analysis we shall use the following notations: (a) greek
indices will range over t, r, θ, φ and represent space-time coordinates, com-
ponents, etc.; (b) Latin indices will range over r, θ, φ and represent coordi-
nates in three-dimensional ”absolute” space. We will approve the spacelike
signature convention (− + + +) and units in which the gravitational
constant and the speed of light are equal to one.
The rotation of a central object (i.e. a rapidly rotating Kerr black
hole) introduces off-diagonal terms gtφ in the metric so that the space-time
generated by the rotating body is represented by the metric:
ds2 = gttdt
2 + 2gtφdtdφ+ gφφdφ
2 + grrdr
2 + gθθdθ
2, (1)
with the metric coefficients independent of t and φ.
In 3+1 notations (1) may be rewritten as [3–5]:
ds2 = −α2dt2 + γik(dxi + βidt)(dxk + βkdt), (2)
where α is the so-called lapse function defined as:
α2≡g
2
tφ − gttgφφ
gφφ
, (3)
γik is the three-dimensional “absolute” space metric tensor (with diagonal
nonzero components gii≡γii) and ~β is the spatial (three-dimensional) vector
with components
βi≡

0, 0, gtφ
gφφ

; βi = γikβk. (4)
Note that the Kerr metric is the subclass of the general metric (1). In
particular,
gtt = −
(
1− 2Mr
Σ
)
, (5)
gtφ = −2aMrsin
2θ
Σ
, (6)
gφφ =
Asin2θ
Σ
, (7)
grr =
Σ
∆
, (8)
3
gθθ = Σ; (9)
where a≡J/M is the specific angular momentum of the black hole per its
unit mass, and
Σ≡r2 + a2cos2θ, (10)
∆≡r2 − 2Mr + a2, (11)
A≡(r2 + a2)2 − a2∆sin2θ. (12)
In the present study we consider jets as being axisymmetric (∂φ = 0)
and stationary (∂t = 0). We, also, neglect dissipative effects. The ba-
sic equations are those of the general-relativistic MHD written in 3 + 1
formalism:
∇[Γmn(α~v − ~β)] = 0, (13)
∇×(α~B) = 4πα ~J −L~β ~E, (14)
~E + ~v× ~B = 0, (15)
∇×(α~E) = L~β ~B, (16)
∇ ~B = 0, (17)
dε
dτ
= − 1
α2
∇(α2~S)− σikT ik, (18)
d~S
dτ
= ε~g +H·~S − 1
α
∇(αT). (19)
In these equations we use the following notations:
Γ = [1− (~v·~v)]−1/2, (20)
d
dτ
≡ 1
α
[∂t − (~β·∇)], (21)
~g≡− 1
α
∇(α), (22)
Hik≡ 1
α
βk:i, (23)
σik≡− 1
2
(Hki +Hik); (24)
and all vector and tensor quantities are defined in the three-dimensional
“absolute” space with the metric γik.
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Note also that in these equations n is the proper baryon number density,
while ~E, ~B, and ~J are the vectors of the electric field, the magnetic field
and the current density, respectively. The “Lie derivative” of a vector ~A
along the vector ~β is defined in the following way:
L~β ~A≡( ~A,∇)~β − (~β,∇) ~A, (25)
and ~v is 3-velocity, related to the spatial components of matter 4-velocity
uα≡(ut, ui) via the expressions:
vi =
1
α

U i
U t
+ βi

. (26)
In (18) ε is the total energy density, defined as [5]:
ε≡εp + εf , (27)
εp≡(mn+ Pv2)Γ2, (28)
εf≡ 1
8π
(E2 +B2); (29)
~S is the total momentum density, defined as:
~S≡~Sp + ~Sf , (30)
~Sp≡(mn+ P )Γ2~v, (31)
~sf≡ 1
4π
( ~E× ~B), (32)
and Tik is defined as
Tik≡T pik + T fik, (33)
T pik≡(mn+ P )Γ2vivk + Pgik, (34)
T fik≡
1
4π
[
−(EiEk +BiBk) + 1
2
(E2 + B2)gik
]
. (35)
Note that the roots of the determinants of ||gαβ|| and ||γik|| are equal
to: √
g≡(det(gαβ))1/2 = Σsinθ, (36)
√
γ≡(det(γik))1/2 = Σsinθ/α. (37)
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3 Main consideration
Let θ¯(r) denote the jet outer boundary and
ǫ≡
(
θ
θ¯
)2
, (38)
be the dimensionless angular variable. From now on, we shall consider
“narrow jet” i.e., θ¯(r) is assumed to be as small that sinθ≈θ and cosθ≈1.
Surely, the same is true for the angular coordinate θ < θ¯(r) inside the jet.
The assumption noticeably simplifies the angular dependence of various
quantities appearing in the theory. For example, from (37) we get:
√
γ≈(r
2 + a2)3/2
∆1/2
θ, (39)
and owing to the same assumption:
α≈
(
∆
r2 + a2
)1/2
, (40)
βφ≈− 2aMr
(r2 + a2)2
. (41)
Let us introduce, now, the magnetic flux function ψ(r, θ) [8], defined as
to have:
Br =
1√
γ
∂θψ(ǫ), (42)
Bθ = − 1√
γ
∂rψ(ǫ), (43)
then it is easy to check out that the ”no monopoles” condition (17) is
satisfied automatically, and also
Bθ =

−∂ǫ/∂r
∂ǫ/∂θ

Br = √ǫ∂θ¯(r)
∂r
Br. (44)
Inserting (44) into the (17) and resolving it for Br we get:
B¯r≡√grrBr = Φ
(r2 + a2)θ¯2(r)
, (45)
where B¯r is the “physical” radial component of the magnetic field vector,
while the Φ is some constant of integration.
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Equations (15) and (16) may be combined to give the so called “nduction
equation”:
rot[(α~v − ~β)× ~B] = 0. (46)
Poloidal components of this equation lead to the simple relation between
poloidal components of ~v and ~B:
vrBθ = vθBr, (47)
which, together with (44) leads to
vθ =
√
ǫ
∂θ¯(r)
∂r
vr. (48)
The toroidal component of (46), after taking into account of the (17)
may be written as
∂r[α
√
γvrBφ] + ∂θ[α
√
γvθBφ] =
√
γBr
∂Ω
∂r
+
√
γBθ
∂Ω
∂θ
. (49)
In this paper we assume that Ω = Ω(r). It allows us to neglect the last
term on the right in (49). Remained equation may be solved separately as
inside [at θ < θ¯(r)] as outside the jet [when θ > θ¯(r)]. In such a way we
get:
Bφ(r) =
Φ(Ω− Ω0)
(r2 + a2)vrθ¯2(r)
, θ≤θ¯, (50a)
Bφ(r) =
Φ(Ω− Ω0)
(r2 + a2)vrθ2(r)
, θ > θ¯. (50b)
Let us consider, now, the momentum conservation equation (18). For
stationary case it may be rewritten as:
− 1
α
(~β·∇)~S = ε~g +H·~S − 1
α
∇(αT¯ ). (51)
For the φ-component of this equation taking into account that gφ = 0
and
1
α
βkSφ;k = HφkS
k, (52)
we get simple equation:
(α
√
γT kφ ),k = 0. (53)
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For the poloidal components of the same equation, taking into account
that
1
α
βkSi;k = −HφiSφ i = r, θ, (54)
we derive the following equation
εgi + (Hφi +Hiφ)S
φ − 1
α
√
γ
[α
√
γT ki ],k +
1
2
Tmngmn,i = 0. (55)
Note that for the narrow jet:
gr = −M(r
2 − a2)
(r2 + a2)∆
, (56a)
gθ =
2Mra2θ
(r2 + a2)2
. (56b)
It is also easy to prove that
(Hφi +Hiφ)S
φ =
1
α
Sφβ
φ,i . (57)
Energy conservation equation in stationary the case may be written
simply as
∇(α2~S) = −α2σikT ik. (58)
If we consider that
σikT
ik = − 1
α
T iφβ
φ,i≈− 1
α
T rφβ
φ,r , (59)
then we can rewrite (58) in the following form:
∇(α2~S) = αT rφβφ,r. (60)
It must be noted that our equations contain as “special-relativistic”
effects (Lorentz factors and all that) as, also, purely gravitational effects
related to the curving of absolute space (α 6=1) and the “frame dragging”
(~β 6=0). In the present paper, in purpose to simplify the consideration, we
shall assume that in the innermost region of the jet, where gravitational
effects are perceptible, matter moves with non-relativistic velocity (i.e.,
v≪1 and Γ≈1). Thus we shall deal with the general-relativistic but slow
(“non-relativistic” in the sense of special relativity) jet. Hereafter, we shall
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need to integrate some of our equations over r = const surfaces. According
to the general theory element of such surface is:
d2~x =
√
gφφgθθdφdθ = α
√
γdφdθ≈(r2 + a2)θdφdθ. (61)
First of all, let us integrate continuity equation:
∂r[α
√
γΓmnvr] + ∂θ
[
α
√
γΓmnvθ
]
= 0. (62)
Remembering that Γ≈1 and integrating (62) by d2~x we get the following
equation:
Mˆ≡2π
∫ θ¯
0
α
√
γmnvrdθ = π(r2 + a2)θ¯2mn¯vr = const. (63)
Note that deriving (63) we made the following assumption about the
angular dependence of n(r, θ):
n(r, θ) = n¯(r)f(ǫ), (64)
where f(ǫ) > 0 is the dimensionless number-density “profile- function”
normalized in such a way as to get:
∫ 1
0
f(ǫ)dǫ = 1. (65)
Similarly, under same assumptions, we can integrate toroidal component
of momentum conservation equation (53). We assume that the jet matter
may be treated as the medium with ultrarelativistic temperature
P = nKT, (66)
e = mn+ (γ¯ − 1)−1P. (67)
where γ¯ = 5/3. In this case we have:
P + ε = mn
(
1 +
5KT
2µ
)
. (68)
Taking into account (68), after integration of (53) we get:
Mˆξ
2πα
(
1 +
5KT
2µ
)
(r2 + a2)(βφ + Ω)θ¯2(r)− Φ
2α(Ω− Ω0)
16πvr
= L, (69)
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where L is some constant of integration and ξ is defined as:
ξ≡
∫ 1
0
ǫf(ǫ)dǫ. (70)
Integration of the energy conservation equation also leads to the another
algebraic equation of the following form:
αMˆ
2π
(
1 +
5KT
2µ
)
− αΦ
2(Ω− Ω0)(Ω0 − ω)
16πvr
= L(ω¯ − ω), (71)
where ω≡− βφ and ω¯ is the another constant of integration.
If we assume that 5KT/2µ≪1, then (69) can be rewritten as:
Ω =
[
Mˆξ
2πα
(r2 + a2)θ¯2ω + L
]
vr − αΦ2
16π
Ω0
Mˆξ
2πα(r
2 + a2)θ¯2(r)vr − αΦ2
16π
. (72)
For the physical jet solution, the numerator and denominator of (72)
must vanish simultaneously at a distance r = rA, termed the Alfven point
of the flow. At this point:
vrA =
α2AΦ
2
8Mˆξ(r2A + a
2)θ¯2A
, (73)
L =
Mˆm
2παA
(r2A + a
2)θ¯2A(Ω0 − ωA) =
αAΦ
2(Ω0 − ωA)
16πvrA
. (74)
If we neglect similarly term containing temperature in (71), then it may
be soled together with (72) for the angular velocity. In such a way we get:
Ω = ω +
α[α + (2πL/Mˆ)(Ω0 − ω¯)]
ξ(r2 + a2)θ¯2(Ω0 − ω) . (75)
Boundary condition Ω(r0) = Ω0 implies that
2πL
Mˆ
(Ω0 − ω¯) = −α0 + ξ(r
2
0 + a
2)θ¯20(Ω0 − ω0)2
α0
,
and (75) may be rewritten in the following form:
Ω = ω +
α
(r2 + a2)(Ω0 − ω)

α− α0
ξθ¯2
+
(r20 + a
2)(Ω0 − ω0)2
α0

 θ¯0
θ¯

2

. (76)
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Knowing explicit analytical expression for Ω(r) we can calculate all other
physical quantities connected with it. In particular, we can get for toroidal
magnetic field:
Bφ =

8Mˆξ
Φ

 1
α(r2 + a2)θ¯2
[
(r2 + a2)θ¯2(Ω− ω)
α
−

1− α20ǫ
ξ

(r20 + a2)θ¯20(Ω0 − ω0)
α0
]
. (77)
and then, we can find the expression for radial velocity vr all other jet
physical variables.
It must be emphasized that solutions contain unknown ”jet profile” func-
tion θ¯(r). It may be calculated from the radial component of momentum
conservation equation, since it leads to the first order differential equation
for θ¯(r).
4 Conclusion
In this letter we demonstrated the general scheme for the construction of
the general-relativistic model of the magnetically driven jet. The method
is based on the usage of the 3 + 1 MHD formalism. It is shown that the
critical points of the flow and the explicit radial behavior of the physical
variables may be derived. All jet characteristics may be expressed through
one quantity: the jet “profile function” θ¯(r). The latter quantity may
be modelled in some way (i.e., by adopting the simplest constant open
angle jet approximation, or by using of some phenomenological jet profile
form). Alternative, and more self-consistent, approach should imply the
solution of the complex first order ordinary differential equation for the
θ¯(r) function.
However, the full examination of the problem is beyond the scope of
this work. The results of this letter are of the preliminary character. Full
consideration of the problem is in preparation and will be published else-
where.
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